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$h_{C}(\cdot;k)$ $k\in \mathrm{i}\mathrm{n}\mathrm{t}$ $C$
Lemma 21.1. $h_{C}(y;k)$ $\alpha>0$
$h_{C}(\alpha y;k)=\alpha h_{C}(y;k)$
( ) $h_{C}(y;k)= \inf\{t|y\in tk-C\},$ $k\in \mathrm{i}\mathrm{n}\mathrm{t}$ $C$
Proof.
(i) $\alpha>0$ $hc(\alpha y;k)\geq\alpha hc(y;k)$
$\epsilon>0$
$t(\epsilon)<h_{C}(\alpha y;k)+\epsilon$ , (2.1)









$\alpha h_{C}(y;k)\leq h_{C}(\alpha y’.\cdot k)$ .
(ii) $\alpha>0$ $hc(\alpha y;k)\leq\alpha hc(y;k)$
$\epsilon>0$




(2.5) $\alpha y\in\alpha t(\epsilon)k-C$




$h_{C}(\alpha y;k)\leq\alpha h_{C}(y;k)$ .
(i),(ii) $\alpha>0$
$h_{C}(\alpha y’.\cdot k)=\alpha h_{C}(y;k)$
I
Lemma 2.1.2. $hc(y;k)$ $y_{1},$ $y_{2}\in Y$
$h_{C}(y_{1}+y_{2};k)\leq h_{C}(y_{1^{j}}, k)+h_{C}(y_{2};k)$







$y_{2}\in t_{2}(\epsilon)k-C$ . (2.10)
$t_{2}(\epsilon)$
$y_{2}\in Y$ $\lambda\in[0_{J},1]$ t (2.8)










$hc(\lambda y_{1}+(1-\lambda)y2;k)$ $\leq$ $\lambda hc(y_{1};k)+(1-\lambda)h_{C}(y_{2}j, k)$







(3) $- \varphi_{\overline{C}}^{F}(x;k):=\sup\{-hc(-y;k)|y\in F(x)\}$
(4) $- \psi_{\overline{C}}^{F}(x;k):=\inf\{-hc(-y;k)|y\in F(x)\}$




Dffinition 3.1. $F:Xarrow 2^{Y}$ $a\in Y$
$\{x\in X|F(x)\cap(a-C)\neq\emptyset\}$
$F$ $C$ -quasiconvex $-F$ C-quasiconvex
$F$ $C$ -quasiconcave $F$ $(-C)$ -quasiconvex
Remark 3.1. C-quasiconvex [2, Definition 3.5]
Fervo type(-1)-quasiconvex $C$ -quasiconvex
Dffinition 32. $F:Xarrow 2^{Y}$
(a) $F$ $x_{1},$ $x_{2}\in X$ $\lambda\in[0,1]$
$F(\lambda x_{1}+(1-\lambda)x_{2})\subset F(x_{1})-C$
$F(\lambda x_{1}+(1-\lambda)x_{2})\subset F(x_{2})-C$
$F$ type-(v) $C$ -properly quasiconvex
(b) $F$ $x_{1},$ $x_{2}\in X$ $\lambda\in[0,1]$
$F(x_{1})\subset F(\lambda x_{1}+(1-\lambda)x_{2})+C$
$F(x_{2})\subset F(\lambda x_{1}+(1-\lambda)x_{2})+C$
$F$ type-(iii) $C$ -properly quasiconvex
$-F$ type-(v) [type-(\"ui)] $C$ -properly quasiconvex $F$ type-(v)[type-
(i ) $]$ $C$ -properly quasiconcave $F$ type-(v)[type-(\"ui)] $(-C)$ -propedy
quasiconvex (
Dffinition 33. $F:Xarrow 2^{Y}$ $F$ $x_{1},$ $x_{2}\in X$
$\lambda\in(0,1)$
$F(\lambda x_{1}+(1-\lambda)x_{2})\subset\mu F(x_{1})+(1-\mu)F(x_{2})-C$
$\mu\in[0,1]$ $F$ type-(v) $C$ -naturally quasiconvex
$-F$ type-(v) $C$ -naturally quasiconvex $F$ type-(v)C-naturally
quasiconcave $F$ type-(v) $(-C)$ -naturally quasiconvex (
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44.1 $C$-properly quasiconvexity
Theorem 41.1. $F:Xarrow 2^{Y}$ type-(v) $C$ -properly quasiconvex
$\psi_{1}(x):=\inf_{k\in B}\psi_{C}^{F}(x;k)=\inf_{k\in B}\sup\{hc(y;k)|y\in F(x)\}$
(quuiconvex) .




$\psi_{1}(\lambda x_{1}+(1-\lambda)x_{2})$ $:=$ $\inf_{k\in B}\sup\{h_{C}(y;k)|y\in F(\lambda x_{1}+(1-\lambda)x_{2})\}$
$\leq$ $\inf_{k\in B}\sup\{hc(y;k)|y\in F(x_{1})-C\}$
$=$ $!_{-}^{\mathrm{n}\underline{\mathrm{f}}}. \sup h_{C}(y-c;k)$









$F(\lambda x_{1}+(1-\lambda)x_{2})\subset F(x_{2})-C$ $\mathrm{I}$
Theorem 4.12. $F$ : $Xarrow 2^{Y}$ type-(\"ui) $C$ -properly quasiconcave
$\psi_{C}^{F}(x;k)=\sup\{hc(y;k)|y\in F(x)\}$
(quasiconoeve) . $k\in \mathrm{i}\mathrm{n}\mathrm{t}$ $C$ .





$\psi_{C}^{F}(x_{1}; k)$ $:= \sup\{hc(y;k)|y\in F(x_{1})\}$
$\leq$ $\sup\{hc(y;k)|y\in F(\lambda x_{1}+(1-\lambda)x_{2})-C\}$
$=$
$y \in F(\lambda x_{1}+(1-\lambda)x_{2})\sup_{c\in C}$
$h_{C}(y-c;k)$
$\leq$
$y \in F(\lambda oe_{1}+(1-\lambda)x_{2})\sup_{c\in C}(h_{C}(y;k)+h_{C}(-c;k))$
( $h_{C}(\cdot;k)$ D )
$\leq$
$y \in F(\lambda x_{1}+(1-\lambda)x_{2})\sup h_{C}(y;k)$
$=$ $\psi_{C}^{F}(\lambda x_{1}+(1-\lambda)x_{2};k)$ .
$\min\{\psi_{C}^{F}(x_{1}; k), \psi_{C}^{F}(x_{2};k)\}\leq\psi_{C}^{F}(\lambda x_{1}+(1-\lambda)x_{2};k)$ .
$F(x_{2})\subset F(\lambda x_{1}+(1-\lambda)x_{2})-C$ $\mathrm{I}$
Theorem 4.13. $F:Xarrow 2^{Y}$ type-(v) $C$ -properly quasiconcave
$\varphi_{C}^{F}(x;k)=\inf\{hc(y;k)|y\in F(x)\}$
(quasiconcave) $k\in \mathrm{i}\mathrm{n}\mathrm{t}$ $C$




$\varphi_{C}^{F}(\lambda x_{1}+(1-\lambda)x_{2};k)$ $:= \inf\{hc(y;k)|y\in F(\lambda x_{1}+(1-\lambda)x_{2})\}$
$\geq$ $\inf\{hc(y;k)|y\in F(x_{1})+C\}$
$=$
$y \in F(x)\inf_{\mathrm{c}\in c^{1}}h_{C}(y+c;k)$
$\geq$
$y \in F(oe)\inf_{c\in c^{1}}(h_{C}(y;k)-h_{C}(-c;k))$




$\geq$ $\min\{\varphi_{C}^{F}(x_{1}; k), \varphi_{C}^{F}(x_{2}j, k)\}$ .
$\min\{\varphi_{C}^{F}(x_{1}; k), \varphi_{C}^{F}(x_{2};k)\}\leq\varphi_{C}^{F}(\lambda x_{1}+(1-\lambda)x_{2};k)$ .
$F(\lambda x_{1}+(1-\lambda)x_{2})\subset F(x_{2})+C$ 1
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Theorem 4.1.4. $F:Xarrow 2^{Y}$ type-(iii) $C$ -properly quasiconvex
$\varphi_{C}^{F}(x;k)=\inf\{h_{C}(y;k)|y\in F(x)\}$
(quasiconvex) $k\in \mathrm{i}\mathrm{n}\mathrm{t}$ $C$




$\varphi_{C}^{F}(x_{1}; k)$ $:= \inf\{hc(y;k)|y\in F(x_{1})\}$
$\geq$ $\inf\{hc(y;k)|y\in F(\lambda x_{1}+(1-\lambda)x_{2})+C\}$
$=$ $\inf$ $h_{C}(y+c;k)$
$y\in F(\lambda x_{1}+(1-\lambda)oe_{2})\mathrm{c}\in C$
$\geq$
$y \in F(\lambda oe_{1}+(1-\lambda)x_{2})\inf_{e\in C}(h_{\dot{C}}(y;k)-h_{C}(-c;k))$
( $h_{C}(\cdot;k)$ \coprod )
$\geq$
$\inf_{y\in F(\lambda x_{1}+(1-\lambda)x_{2})}h_{C}(y;k)$
$=$ $\varphi_{C}^{F}(\lambda x_{1}+(1-\lambda)x_{2};k)$ .
$\varphi_{C}^{F}(\lambda x_{1}+(1-\lambda)x_{2};k)\leq\max\{\varphi_{C}^{F}(x_{1}; k), \varphi_{C}^{F}(x_{2};k)\}$ .
$F(x_{2})\subset F(\lambda x_{1}+(1-\lambda)x_{2})+C$ $\mathrm{I}$
Corollary 4.LL $F$ : $Xarrow 2^{Y}$ type-(v) C-properly quasiconcave
$\psi_{2}(x):=\sup_{k\in B}(-\psi_{\overline{C}}^{F}(x;k))=\sup_{k\in B}\inf\{-hc(-y;k)|y\in F(x)\}$
(quasiconoeve)
Proof. Theorem 4.1.1 $-F$ type-(v) $C$ -properly quasiconvex $\inf_{k\in B}$
$\psi_{\overline{C}}^{F}(x;k)$ $\sup_{k\in B}(-\psi_{\overline{C}}^{F}(x;k))$ $F$ type-
(v) $C$ -properly quasiconcave $\psi_{2}(x)$ . 1
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Corollary 4.12. $F$ : $Xarrow 2^{Y}$ type-(\"ui) $C$ -properly quasiconvex
$- \psi_{\overline{C}}^{F}(x,\cdot, k)=\inf\{-h_{C}(-y;k)|y\in F(x)\}$
(quasiconvex) $k\in \mathrm{i}\mathrm{n}\mathrm{t}C$
Proof. TheOrem412 $-F$ type-(\"ui) $C$ -properly quasiconcave
$\psi_{\overline{C}}^{F}(x;k)$ $-\psi_{C}^{F}(x;k)$ $F$ type-(v)
$C$ -pmperly quasiconcave $\psi_{\overline{C}}^{F}(x; k)$ . $\mathrm{I}$
Corollary 4.13. $F:Xarrow 2^{Y}$ type-(v) $C$ -properly quasiconvex
$- \varphi_{\overline{c}^{F}}(x;k)=\sup\{-hc(-y;k)|y\in F(x)\}$
(quasiconvex) $k\in \mathrm{i}\mathrm{n}\mathrm{t}$ $C$
Proof. Theorem 413 $-F$ type-(v) $C$ -properly quasiconcave
$\varphi_{\overline{c}^{F}}(x;k)$ $-\varphi_{\overline{c}^{F}}(x;k)$ $F$ type-(v)
$C$ -properly quasiconvex $\ovalbox{\tt\small REJECT} \mathrm{f}-\varphi_{\overline{C}}^{F}(x;k)$ 1
Corollary 4.14. ( $F$ : $Xarrow 2^{Y}$ type-(\"ui) C-properly quasiconcave
$- \varphi_{\overline{c}^{F}}(x;k)=\sup\{-hc(-y;k)|y\in F(x)\}$
(quasiconoeve) $k\in \mathrm{i}\mathrm{n}\mathrm{t}$ $C$
Proof. Theorem 4.14 $-F$ type-(\"ui) $C$ -properly quasiconvex
$\varphi_{\overline{C}}^{F}(x;k)$ $-\varphi_{\overline{c}^{F}}(x;k)$ $F$ type-(iii)
$C$ -properly quciconcave $\varphi_{\overline{C}}^{F}(x; k)$ $\mathrm{i}$
4.2 $C$-quasiconvexity
Theorem 42.1. { $F:Xarrow 2^{Y}$ $C$ -quasiconvex $k\in B$
$\varphi_{C}^{F}(x;k)=\inf\{hc(y;k)|y\in F(x)\}$
(quasiconvex)
Proof. $\varphi_{C}^{F}$ $x_{1},$ $x_{2}\in X$ $\epsilon>0$
$i=1,2$
$z_{i}-t_{i}k\in-C$, (4.1)
$t_{i}<\varphi_{C}^{F}(x_{i,}.\cdot k)+\epsilon$ . (4.2)
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$z_{\ovalbox{\tt\small REJECT}}\mathrm{C}$ F(x $t_{\ovalbox{\tt\small REJECT}}\mathrm{C}R$
$(4\ovalbox{\tt\small REJECT})$ $s_{1}\ovalbox{\tt\small REJECT} s_{2}(s_{1},s_{2}arrow R)$ { $s_{1}k-CCs_{2}k-C$
$z_{i} \in t_{i}k-C\subset\max\{t_{1}, t_{2}\}k-C$.
$F$ $C$ -quuiconvex $\lambda\in[0,1]$ 1 $y \in\max\{t_{1}, t_{2}\}k-$
$C$ $y\in F(\lambda x_{1}+(1-\lambda)x_{2})$ (4.2)
$hc(y;k)$ $\leq$ $\max\{t1, t2\}$
$<$ $\max\{\varphi_{C}^{F}(x_{1};k), \varphi_{C}^{F}(x_{2};k)\}+\epsilon$ .
$\varphi_{C}^{F}(\lambda x_{1}+(1-\lambda)x_{2};k)=\inf\{hc(y;k)|y\in F(\lambda x_{1}+(1-\lambda)x_{2})\}$ .
$\epsilon>0$
$\varphi_{C}^{F}(\lambda x_{1}+(1-\lambda)x_{2};k)\leq\max\{\varphi_{C}^{F}(x_{1}; k), \varphi_{C}^{F}(x_{2};k)\}$ .
I
Corollary 42.1. $F$ : $Xarrow 2^{Y}$ $C$ -quasiconcave $k\in B$
$- \varphi_{\overline{c}^{F}}(x;k)=\sup\{-hc(-y;k)|y\in F(x)\}$
(quuiconoeve) .
Proof. $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}4.2.1$ $-F$ $C$ -properly quuiconvex $k\in B$
$\varphi_{\overline{C}}^{F}(x;k)$ $-\varphi_{\overline{C}}^{F}(x;k)$ $F$
$C$ -quasiconcave $k\in B$ $-\varphi_{\overline{c}^{F}}(x;k)$ $\mathrm{I}$
4.3 $C$-naturally quasiconvexity
Theorem 43.1. $F:Xarrow 2^{Y}$ type-(v) $C$ -natumlly quuiconvex
$\psi_{C}^{F}(x;k)=\sup\{hc(y;k)|y\in F(x)\}$
(quasiconvex) $k\in \mathrm{i}\mathrm{n}\mathrm{t}$ $C$
Proof. $x_{1},$ $x_{2}\in X$ $\lambda\in(0,1)$ t
$F(\lambda x_{1}+(1-\lambda)x_{2})\subset\mu F(x_{1})+(1-\mu)F(x_{2})-C$
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$T^{\backslash }\backslash \hslash$ $\hslash[searrow]\iota_{\supset}^{-}\backslash$
$\psi_{C}^{F}(\lambda x_{1}+(1-\lambda)x_{2};k)$ $:=$ $\sup\{hc(y;k)|y\in F(\lambda x_{1}+(1-\lambda)x_{2})\}$
$\leq$ $\sup\{hc(y;k)|y\in\mu F(x_{1})+(1-\mu)F(x_{2})-C\}$
$=$ $\sup$ $h_{C}(\mu y_{1}+(1-\mu)y_{2}-c;k)$
$y_{1}\in F(x_{1})$
$y_{2}\in F(x_{2})\mathrm{c}\in C$
$\leq$ $\sup$ $(hc(\mu y_{1};k)+h_{c}((1-\mu)y2;k)+h_{c}(-c;k))$
$v_{2}^{1}\in F(x_{2})y\in F(x_{1})c\in C$
$\leq$
$v^{1} \in F(x_{2})\sup_{v_{2}\in F(x_{1})}(\mu h_{C}(y_{1};k)+(1-\mu)h_{C}(y_{2};k))$
$\leq$
$\mu\sup_{y_{1}\in F(x_{1})}h_{C}(y_{1}; k)+(1-\mu)\sup_{y_{2}\in F(x_{2})}h_{C}(y_{2};k)$
$=$ $\mu\psi_{C}^{F}(x_{1}; k)+(1-\mu)\psi_{C}^{F}(x_{2};k)$ (4.3)
$\leq$ $\max\{\psi_{C}^{F}(x_{1}; k), \psi_{C}^{F}(x_{2};k)\}$ .
1
Remark 4.1. Theorem 4.3.1 (4.3) $\psi_{C}^{F}$ { C-naturally
quasiconvexity ( naturally quasiconvex
$\mu$
quasiconvexity
natural $ly$ quasiconvexity t
Corollary 43.1. $F$ : $Xarrow 2^{Y}$ type-(v) $C$ -naturally quasiconcave
$- \psi_{\overline{C}}^{F}(x;k)=\inf\{-hc(-y;k)|y\in F(x)\}$
(quasiconcave) $k\in \mathrm{i}\mathrm{n}\mathrm{t}$ $C$
Proof. Theorem 43.1 $-F$ type-(v) $C$ -naturally quasiconvex
$\psi_{\overline{C}}^{F}(x:k)$ $-\psi_{\overline{C}}^{F}(xj, k)$ $F$ type-(v)
$C$ -naturally quasiconcave $-\psi_{\overline{C}}^{F}(x;k)$ $\mathrm{I}$
5
{ $C$-quasiconvexity, $C$-properly quasiconvexity, C-naturally quasicon-
convexity
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